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The maximum latency of positive Boolean functions
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Abstract The problem of finding an unknown vector of a partially defined Boolean function is pertinent
to such problems as identifying a Boolean function and learning from examples an underlying rule. This
paper introduces the concept of maximum latency for unknown vectors of a partial function obtained from a
(completely defined) positive (i.e., monotone) Boolean function. For $tl\iota e$ class of general positive functions
of $n$ variables, it is known [8] that its maximum latency is greater than $\lfloor n/4\rfloor$ but not greater than $\lceil n/2\rceil$ .
For the class of 2-monotonic positive functions, it is known [4] that its maximum latency is equal to 1. In
this paper, we obtain the following results for two classes of Boolean functions. (i) For the class of matroid
functions, its maximum latency is equal to 2. (ii) For the class of K-steiner tree functions of $l$ nodes, $i$ ts




. $n$ , }x $\lfloor n/4\rfloor$ , $\lceil 7\sim/2\rceil$
[8]. , 2 , $=1$
[4]. , 2 , . (i)
, $=2$ . (ii) 1 K- ,
$l-|K|+2$ .
1
$n$ $x=(x_{1)}x_{2}, \ldots, x_{n})$ $f$
, $x_{\mathfrak{i}}(1\leq i\leq n)$ $f(x)$
$0$ 1 , , $f$ :
$\{0,1\}^{n}arrow\{0,1\}$ , $f$ ( )
((completely defined) Boolean function) .
, $\{0,1\}^{n}$ $D$
, $g$ : $Darrow\{0,1\}$ (partially
defined Boolean function) .
$T(g)=\{x\in D|g(x)=1\}$
$F(g)=\{x\in D|g(x)=0\}$
, $a\in T(g)$ $g$ (true vector),
$b\in F(g)$ $g$ (false vector),
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$u\in\{0,1\}^{n}\backslash D$ (unknown vector)
.
, (positive Boolean
function, monotone Boolean function, )
. (2
), $f$ , min $T(f)$
nlax $F(f)$ ,
. ,
$T(f)=$ { $a|$ $a’\in$ min $T(f)$ $a\geq a’$ }
$F(f)=$ { $b|$ $b’ \in\max F(f)$ $b\leq b’$ }
. $MT \subseteq\min$ $T(f)$
$MF \subseteq\max F(f)$
,
$T=$ { $a|$ $a’\in\lrcorner 1$IT $a\geq a’$ }
$F=$ { $b|$ $b’\in IMF$ $b\leq b’$ }
, $T\subseteq T(f)$ $F\subseteq F(f)$ $T\cap F=\phi$
. , $T\cup F$
$g$ ,
$g(x)=\{\begin{array}{l}1,x\in T\text{ }0,x\in F\text{ }\end{array}$
, $f$ (partial function) .
$f$ $f$
(identification problem) ([7] [12])
. $f$ , $x$
$f(x)$ ( ) $f$
,
([1] [2] [6] [13]). $f$
, .
1. $MT(\subseteq 1ninT(f))$ M $F(\subseteq$ lnax $F$
$(f))$ .
2. $MT$ $MF$ $g$
$u$ .
.
3. $f(u)=1$ ( $0$ ) , $a\in tnil\iota T(f)-$
$MT$ ( $b\in 1\eta$ ax $F(f)-MF$) ,
$MT:=MT\cup\{a\}$ ( M $F$ $:=MF\cup\{b\}$ )
. 2 .
, $MT=$ min $T(f)$ M $F=$ lnax $F(f)$
, $f$ .
, ,
$n$ $m$ ( $=|$ min $T(f)|+| \max F(f)|$ )
, $n$ $m$
. $u$
, 3 $n$ ([4]
[7] [13]). , 2
( $l$ ) ) ,
.











. , $\uparrow l$
$C$ $\Lambda_{C}(n)$ , a $\in$
$MT\cup MF$ , $||a-x|| \leq\bigwedge_{C}(?l)$
( , $||y||= \sum_{1}^{n_{=1}}|y_{l}|$ ) $x$



























2 , $a\in MT\cup MF$
, $||a-x||\leq 2$ $x$ ,
,
.










21 $n$ $x=(x_{1}, x_{2}, \ldots, x_{n})$
$y=(y_{1)}y_{2}, \ldots, y_{n})$ , $x_{\mathfrak{i}}\geq y$ ; $i=$
$1,2,$ $\ldots,$ $n$ , $x\geq y$ .
, $j$ $x_{J}>yj$ $x>y$
.
$n$ 0-1
, $H_{n}$ . (Hasse
diagram) , $a>b$ , $a$ $b$
, $(b, a)$ . $a>c$ ,
$c>b$ $c$ ,




$x,$ $y$ , $x\geq y$ $f(x)\geq f(y)$
$f$ .
2.$ $f$ , $T(f)(F(f))$
( ) . $x\in T(f)$ ,
$y<x$ $y\in T(f)$ , $x$
$f$ (minimal true vector)
. min $T(f)$ .
, $x\in F(f)$ , $y>x$ $y\in F(f)$




, $f$ $\min T(f)$
, $x$ $x’$
( $x$ $\leq x’$ $x’\leq x$ ). ,
$S\subseteq\{0,1\}^{n}$









min $T(f)$ 1 1 .




, $f$ , $\min$ T(
.
$f$ , $\min T(f)$ $\max F(f)$
. , $f$
(dual function) $f^{d}=\overline{f}(\overline{x})$ ,
min $T(f^{d})( \max F(f^{d}))$ $0$ ,
1 max $F(f)( \min T(f))$
. , mln $T(f)$ min $T(f^{d})$
, $\max F(f)$
. $f$ $f^{d}$ , $f$
V , $\vee$ ,




, min $T(f)=$ {1100, 1001,0110} . ,
$f^{d}$ $=$ $(x_{1}\vee x_{2})(x_{1}\vee x_{4})(x_{2}\vee x_{3})$
$=$ $x_{1}x_{2}\vee x_{1}x_{3}\vee x_{2}x_{4}$
min $T(f^{d})=$ {1100, 1010, 0101} . ,
$\max F(f)=$ {0011, 0101, 1010} .
24 $f$ , $MT$ $\subseteq$
min $T(f),$ $MF \subseteq\max F(f)$ (
, $MT\cup MF\neq\phi$ ), $g$ : $T\cup F$
$arrow\{0,1\}$ , $f$ (partial
function) .
$g(x)=\{\begin{array}{l}1,x\in T\text{ }0’ x\in F\text{ }\end{array}$
,
$T=$ { $a|$ $a’\in MT$ $a\geq a’$ }
$F=$ { $b|$ $b’\in MF$ $b\leq b’$ }
.
2.5 $f$ $g$ , $u\in\{0,1\}^{n}\backslash (T\cup$
$F)$ , $U=\{0,1$
$\}^{n}\backslash (T\cup F)$ .
26 $g$ $MT$ $MF$ $n$
$f$ . $a\in MT\cup MF$
, $||x-a||\leq k$ $x$ $g$
$k$ . , $||y||= \sum_{i=1}^{n}|y_{\dot{l}}|$ .







$\lambda(g)=\min\{||x-a|||a\in MT\cup MF, x\in U\}$ .
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, $C$
(maximum latency) $\Lambda_{C}(n)$ , $n$
$f\in C$ $g$ ,
$\lambda(g)$ . ,
$\Lambda_{C}(n)=\max\{\lambda(g)|f\in C$ ,
f} $n$ , $g$ $f$ }
, $C$ ,
, K- 3 ,
$\Lambda_{C}(n)$ .
224 $f=x_{1}x_{3}\vee x_{2}x_{4}$ ,
lnin $T(f)=$ {1010, 0101}












$Xj=0,$ $j=1,2,$ $\ldots,$ $n$ } , $I_{x}=\{j|Xj=1,$ $j=$
$1,$ 2, ) $n$ } . , $X$ $|X|$ $X$
.
31 $f$ , $a^{(1)},$ $a^{(2)}\in$
$\min T(f)$ $i\in I_{\text{ }}(1)-I_{a^{(2)}}$ , $a^{(1)}-$






$r(\leq n)$ , $x\in m1_{11}$ $T(f)$




32 $G=(V, E)$ , $E=$
$\{1,2, \ldots n\}$ , $i\in E$ $x$ ; .
$f$
$f(x)=\{\begin{array}{l}1G_{x}=(V,I_{x})7)i\not\in k_{o}^{\pm}\propto)\xi g0G_{x}=(V,I_{x})7\}\dot{i}3\not\in\not\in!\oint_{\square }^{\pm}\emptyset\ \text{ }\end{array}$
, , (spanning $t$ ree
function) [3] [5]
miln $T(f)$ $G$ (spanning tree)
, $( \max F(f))^{*}$ .
, $X$ $x*=\{\overline{a}|a\in X\},$ $a=$
$(a_{1}, a_{2}, \ldots, a_{n})$ , $\overline{a}=(\overline{a}_{1},\overline{a}_{2}, \ldots,\overline{a}_{\iota})$ .




$\Lambda_{M}(n)\geq 2$ $n\geq 4$
$n=1,2,3$ , $A_{M}(7\sim)=1$
. , $n\geq 4$ , $\lambda(g)=2$ $n$
$f$ $g$ 2
$G$ .
(1) $\uparrow t=2k(k\geq 2)$ .
min $T(f)=\{a|$ $i$ $I_{a}$
$2j-1,2j$ }
lllax $F(f)=\{b^{(j)}|j=1,2, \ldots, k\}$ ,
, $b^{(j)}$ $Z_{b^{(j)}}=\{2j-1,2j\}$




. $u=010J\cdots 01$ , $u$ }
. , $j$ , $\uparrow\iota+$
$e_{2_{j}-1}\geq 1\downarrow+e_{2g-1}-e_{2y}\in MT$ . ,
$u+e_{2_{3}-1}\in T$ , $\Lambda lT\cup\Lambda f\Gamma\cup\{u\}=\{0,1\}^{v\iota}$
. , $a\in MT$ , $||a||=||$
$u||=k,$ $a\neq u$ , $||u-a||\geq 2$ , ,
$a=u+e_{2g-1}-e_{2_{2}}\in MT$ , $||u-a||=2$
. , $b\in 1$) $’[\Gamma$ , $||b||=n-2$
$u\not\leq b$ ,
$||u-b||$ $\geq$ $|(n-2)-k|+2=k\geq 2$
. , $f$
$g$ , $\backslash (g)=2$ .
(2) $\uparrow l=2k+1(k\geq 2)$ . $f$ ,
nlnn $T(f)=\{a|2k+\rfloor\in$ I , $j$
$I_{a}$ ( $2j-1,2j$ }
lltax $F(f)=\{b^{(j)}|j=1,2, \ldots, k\}\cup\{11\cdots 10\}$
. $g$
$MT=$ nlill $T(f)-\{0101\cdots 011\}$
$MF= \max F(f)$














3.1 $n=1$ , 3. $J$ $f$ $g$
( 3). $f=x_{1}x_{3}\vee x_{1}x_{4}\vee x_{2}x_{3}\vee x_{2}x_{4}$ .
,
Inin $T(f)=$ {1010, 1001, 0110, 0101}
$\mathfrak{l}\mathfrak{n}$ ax $F(f)=$ {0011,1 IOO}
, 9 ,
$MT= \min T(f)-\{0101\}$
$=$ {1010, 1001, 0110}
M$F=maxF(f)=$ {0011, 1100}
$U=$ {0101}
. , \mbox{\boldmath $\lambda$}(g) $=2$ .
3 3. 1 $b$
32 $f$
$g$ ,
$MT\neq\phi$ , a $\in MT$ , $||x-a||\leq$
$2$
$x$ $T\cup F$ ,
$MT=$ min $T(f)$ .
$b\in IltiI1$ T(f)–MT( , $b$
) . $a^{(1)}\in MT$
, $k=|I_{\text{ ^{}(1)}}-I_{b}|$ . , $k=1$
, $||b-a^{(1)}||=2$ , $b\in T\cup\Gamma^{J}$ ,
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$b\in miuT(f)-MT$ . , $k>1$
, $f$ , $i\in I_{\text{ }}(\downarrow)-I_{b}$
$j\in I_{b}-I_{a^{(1)}}$ , $a^{(2)}=a^{(1)}-e_{i}+e_{j}$
$a^{(2)}\in miuT(f)$ . , $||a^{(2)}-$
$a^{(1)}||=2$ , $a^{(2)}\in T\cup F$ , , $a^{(2)}\in MT$




$b$ $\lambda fT$ . , $b\in$ min $T(f)-MT$
.
33 $f$ ,
(1) $a\in$ mln $T(f)$ $i\in I_{a}$ ,
$b+e_{3}\geq a$ $b\in$ max $F(f)$
.
(2) $b \in\max F(f)$ $i\in Z_{b}$ ,
$a-e_{j}\leq b$ $a\in$ min $T(f)$
.
(1) $a-e_{j}\in T(f)$ , $a \not\in\min T(f)$
. , $a-e_{j}\in F(f)$ , $b\geq a-e_{j}$
$b \in\max F(f)$ . $b$
, $j\in I_{b}$ , $b\geq a$ , $a\in F(f)$
, . , $j\not\in I_{b}$ . , $b+e_{j}\geq a$
. (2) .
3.4 $f$ , $a\in$
$miuT(f)$ $j\in I_{a}$ , $b\geq a-e_{J}$
$b \in\max F(f)$ .
[10]
3.5 $f$ $g$ ,
$MT= \min T(f)$ , , $a\in MT$ ,
$||x-a||\leq 1$ $x$ $T\cup F$
, M$F= \max F(f)$ . ,
$g=f$ .
$b \in\max F(f)$ . 3.3 (2)
, $j\in Z_{b}$ , $a-e_{j}\leq b$
$a\in 1ni\iota\iota T(f)$ . , $a\in MT$
. a , $||a-(a-e_{J})||=1$ ,
$c\geq a-e_{J}$ $c\in MF$ .




31 $n$ $\Lambda_{I}\backslash 4(\uparrow))$
.
$\Lambda_{M}(n)=\{\begin{array}{l}1,n=l,2,3[oslash]\ \doteqdot 2,n\geq 4\emptyset\ \doteqdot\end{array}$
31 3.6 .
, $m_{1}=|mi_{I1}T(f)|$ , $m_{2}=| \max F(f)|$ ,
$m=m_{1}+m_{2}$ .
3.2 , (membership queries)
$n$ $m$ ,
$f$ , $n$ $m$ .
, 1
.
$3.7$ $r$ $f$ ,
$m_{2}\leq m_{1}r$ .
$a\in$ min $T(f)$ , $|I$ $|=r$ ,
$|\{a-e_{J}\cdot|j\in I_{\text{ }}\}|=r$. ,
$|\{a-e_{J}|a\in lninT(f);j\in I_{a}\}|\leq m_{1}r$
34, 33 (2) $m_{2}\leq m_{1}r$ .
3.3 $n$ $f$
, $f^{d}$ ,




, $MT=1ninT(f),$ $MF=\phi$ .
, mfin $T(f)$ , $n$ $\uparrow n_{1}$
. ,
3.2 , $f$ , $n$ $m(=m_{1}+m_{2})$
$\iota naxF(f)$ . 2
nlax $F(f)$ , $f^{d}$
. 3.7 , $m$ $n$
$m_{1}$ , , $n$ $m_{1}$
. $\square$
4
, (spanning $t$ ree),
(minimal cut), (simple circuit)
, , K-
.
4.1 $f$ , $fi(x)$
.
$fi(x)=\{\begin{array}{l}0_{)}\text{ }\in m(f)\text{ },x\leq a\text{ }l,\text{ }\end{array}$
, lnax $F(fi)= \min T(f)$ , min $T(fi)$
$f$ , $F(fi)$
$f$ .







41 $f$ $r$ ,
$f_{1^{d}}$ , $n-r$ .
[10] .
4.1 $m_{3}=| \min T(fi)|,$ $m_{1}=| \max F(fi)|$
, $\prime n_{3}\leq m_{1}(n-r)$ .
41, 3.7 .
4.1 , , ,
,
$n,$ $m_{1}$ ( , )
.
33 .
4.2 $n$ $G=(V, E)$
$-$ (tlte set of target nodes) $K\subseteq V$
, $n$ K- $(I\langle-$
steiner tree function) [3] [5] .
$f_{K}(x)=\{\begin{array}{l}1,G_{x}=(V,I_{x})(^{arrow}.kt\backslash \tau|f^{A}\prime\Leftrightarrow^{c}\emptyset i,j\in I\zeta\delta^{i}gf_{D}^{\pm}\text{ }0,<i\emptyset\{\llcorner|)\end{array}$
, min $T(f_{K})$ $G$ K-
, $(l\mathfrak{n}axF(fJ_{\backslash }\cdot))^{*}$ $K$
.
4.3 $G=(V, E)$ $I\iota$
, K- $f_{i\backslash ^{\sim}}$ ,
$fv$ , $a\in$ lnill $T(f_{K})$ , $S_{a}=$
$\{x|x\in lninT(f_{V}), x\geq a\}$ .
42 $G=(V, E)$ $K$
, K- $f_{K}$ , $f_{V}$
, $a\in$ nln $T(f_{K})$ , $S$ $\neq\phi$
. , $a\in\iota \mathfrak{n}inT(f_{K})$ ,
$a’\geq a$ $a’\in$ min $T(f_{V})$ .
K- ,
, .
4.3 $G=(V, E)$ $It^{-}$
, K- $f_{K}$ , $f_{V}$





4.2 $G=(V, E)$ $K$
, K- $f_{K}$ , $f_{V}$





, K- $f_{K}$ , $f_{V}$
, 2 .
(1) $T(f_{V})\subseteq T(f_{\Lambda}\cdot)$
(2) $\max F(fic)\subseteq\max F(f_{V})$
(1) K-
, . (2) $(maxF(fv))$ ,
$($ mqax $F(fJ_{1’}))^{*}$ $K$
, .
$X,$ $Y$ $||X-Y||= \min\{||x-y||$
$|x\in X,$ $y\in Y$ } .
4.5 $G=(V, E)$ $K$
, K- $f_{ic}$ $g$
, $MT\neq\phi$ , $a\in MT$ $||x-a||\leq$
$|V|-|K|+2$ $x$ $T\cup F$
, $MT=1ninT(f_{K})$ .
$b \in\min T(f_{K})-MT$
. $G=(V, E)$ $f_{V}$ .
$a^{(1)}\in MT$ , 42 , $S_{\text{ ^{}(1)}}\neq\phi$ ,
$S_{b}\neq\phi$ , , 4.2 , $S_{\text{ }}(1)\subseteq T,$ $S_{b}\subseteq U$
. $\alpha\in s_{\text{ }}(1)$ , $\beta\in S_{b}$ , $||$
$S_{b}-S_{\text{ }(1)}||=||\beta-\alpha||,$ $k=|I_{\beta}-I_{\alpha}|$ .
, $k=1$ , $||\beta-\alpha||=2$ . $a^{(1)}$ K-
, $||a^{(1)}||\geq|K|-1,$ $\alpha$





, $k>1$ . $f_{V}$
, $i\in I_{\alpha}-I_{\beta}$ $j\in I_{\beta}$ –I ,
$x=\alpha-e_{i}+e_{3}$ $x\in$ mln $T(f_{V})$
. , $||a^{(1)}-x||\leq|V|-|K|+2$ ,
$x\in T\cup F$ . , $x\in T(f_{V})$ ,
$4.4(1)$ , $x\in T$ . 4.3 ,
$a^{(2)}\leq x$ $a^{(2)}\in$ min $T(f_{K})$
. , $a^{(2)}\in MT$ , $\alpha’\in S_{a(2)}$
, $\beta’\in S_{b}$ , $||S_{b}-S_{\text{ ^{}(2)}}||=||\beta’-\alpha’||$





, $b\in$ mln $T(f_{K})-MT$ .
4.6 $G=(V, E)$ $K$
, K- $f_{K}$ $g$
, $a\in MT\cup MF$ , $||x-a||\leq$
$|V|-|K|+2$ $x$ $T\cup F$
, M $F=lnaxF(K)$ .
$b\in maxF(f_{K})$ . $G=$
$(V, E)$ $fv$ , 44(2)
, $b\in$ max $F(f_{V})$ . 3.3 (2) , {
$j$ $\in$ $Z_{b}$ , $a-e_{j}\leq$ $b$
$a\in 1ni_{1}\iota T(f_{V})$ . 4.4 (1), 45
, $a\in T$ , $a’\leq \mathfrak{a}$ $a’\in MT$
. $a-e_{j}\in F$ , $a\not\leq a-e_{J}$ .
,




, $b\geq a-e_{3}$ $c\in MF$
. 34, 4.4 , $c=b$ . ,
$b\in MF$ .
42 $l$ $k$
$K$ K- $S(l, k)$
, $\Lambda_{S(\mathfrak{l},k)}(n)$ ,
$\Lambda_{S(l,k)}(n)\leq l-k+2$ .
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